Abstract. We consider the classical problem of maximizing the derivative at a fixed point over the set of all bounded analytic functions in the unit disk with prescribed critical points. We show that the extremal function is essentially unique and always an indestructible Blaschke product. This result extends the Nehari-Schwarz Lemma and leads to a new class of Blaschke products called maximal Blaschke products. We establish a number of properties of maximal Blaschke products, which indicate that maximal Blaschke products constitute an appropriate infinite generalization of the class of finite Blaschke products.
Introduction and Results

Let
in À ½ whose critical points are precisely the points on the sequence counting multiplicities. This means that if the point Þ occurs Ñ times in the sequence, then ¼ has a zero at Þ of precise order Ñ, and ¼´Þ µ ¼ for every Þ ¾ Ò . For an À ½ critical set we define the subspace ¾ À ½ ¼´Þ µ ¼ for any Þ ¾ of all functions ¾ À ½ such that any point of the sequence is a critical point of (with at least the prescribed multiplicity).
Our first theorem shows that the set always contains a Blaschke product whose critical set is precisely the sequence . In fact, more is true: has a unique solution ¾ . The extremal function is an indestructible Blaschke product with critical set and is normalized by ´¼µ ¼ and ´AE·½µ ´¼µ ¼. If is a finite sequence consisting of Ñ points, then is a finite Blaschke product of degree Ñ · ½; otherwise, is an infinite Blaschke product.
Note that Theorem 1.1 says that the critical points of the extremal function are exactly the points of the sequence with prescribed multiplicity, so there are no "extra critical points" and is the critical set of .
The crucial part of Theorem 1.1 is the assertion that the extremal function is always an indestructible Blaschke product. Recall that a Blaschke product is called indestructible (see [28, 35] ) if for any conformal automorphism Ì of the unit disk the composition Ì AE is again a Blaschke product. Note that postcomposition by such a conformal automorphism does not change the critical set of a function in À ½ . Therefore, for any conformal automorphism Ì of , we call the Blaschke product Ì AE a maximal Blaschke product with critical set .
If AE ¼, then the extremal problem (1.1) is exactly the problem of maximizing the derivative at a point, i.e., exactly the character of Schwarz' lemma. Let us put this observation in perspective.
Remark 1.2 (The Nehari-Schwarz Lemma)
In the special case where is a finite sequence, Theorem 1.1 is essentially the classical and well-known Nehari-Schwarz lemma.
(a) In fact, if , then À ½ , so all bounded analytic functions are competing functions, and Theoren 1.1 is just the statement of Schwarz' lemma, which implies that is the identity map. In particular, the maximal Blaschke products without critical points, i.e., the locally univalent maximal Blaschke products are precisely the unit disk automorphisms.
(b) If is a finite sequence and AE ¼, then Theorem 1.1 is exactly Nehari's 1947 generalization of Schwarz' lemma (see [31] , Corollary 1 to Theorem 1). In particular, if ´Þ ½ Þ Ñ µ is a finite sequence consisting of Ñ points, then every maximal Blaschke product with critical set is a finite Blaschke product of degree Ñ · ½. As we shall see in Remark 3.2 below, the converse is also true. Hence the maximal Blaschke products with finitely many critical points are precisely the finite Blaschke products.
By these remarks, Theorem 1.1 might be viewed as an extension of the NehariSchwarz Lemma to arbitrarily many critical points.
We now return to the extremal problem (1.1) and to a discussion of maximal Blaschke products and their properties. As we shall see, maximal Blaschke products do have similar characteristics as Bergman space inner functions on the one hand and display many properties of finite Blaschke products on the other hand.
We begin by relating maximal Blaschke products with Bergman space inner functions. For this we note that a similar type of extremal problem as (1.1) was considered before for various classes of analytic functions such as Hardy spaces and Bergman spaces, but with prescribed zeros instead of prescribed critical points. The following remark decribes this connection in full detail. Hedenmalm [17] (see also [10, 11] ) had the idea of posing an appropriate counterpart of the latter extremal problem for Bergman spaces. His goal was to find a faithful analogue of Blaschke products in Bergman spaces. As before, let ´Þ µ be a sequence in where the point ¼ occurs AE times and assume that is the zero set of a function in Ô « . Then the extremal problem [12] . Now keeping in mind that the critical points of maximal Blaschke products take the r ole of the zeros of Blaschke products and canonical divisors respectively, one expects that a maximal Blaschke product has an analytic continuation across every open arc of which does not meet any limit point of its critical set. This in fact turns out to be true: Theorem 1.4 (Analytic continuability of maximal Blaschke products) Let be a maximal Blaschke product with critical set . Then has an analytic continuation across any arc of which is free of limit points of .
Since a Blaschke product has an analytic continuation to a point ¾ if and only if is not a limit point of its zeros, Theorem 1.4 leads to the following conclusion.
Corollary 1.5
The limit points of the critical set of a maximal Blaschke product coincide with the limit points of its zero set.
We next turn to a result about the structural properties of À ½ critical sets. It follows from the results in [23] that the union of two À ½ critical sets is not necessarily an À ½ critical set. However, if the two À ½ critical sets have no common accumulation point on the unit circle, then their union is again an À ½ critical set as the following result shows.
Theorem 1.6
Let ½ and ¾ be two À ½ critical sets such that ½ ¾ . Then ½ ¾ is an À ½ critical set.
The analogous statement for the zero sets of Bergman space inner functions is due to Sundberg [40] .
We next shift attention to maximal Blaschke products as generalizations of finite Blaschke products. Recall that in view of Remark 1.2 (b) every finite Blaschke product is a maximal Blaschke product. A rather strong property of the class of finite Blaschke products is their semigroup property with respect to composition. In contrast, the composition of two Blaschke products does not need to be a Blaschke product (just consider non-indestructible Blaschke products). However, in case of maximal Blaschke products the following result holds.
Theorem 1.7 (Semigroup property of maximal Blaschke products)
The set of maximal Blaschke products is closed under composition.
Finally, we consider the boundary behaviour of maximal Blaschke products. Heins [20] showed that a function ¾ À ½ is a finite Blaschke product if and only if The results of the present paper are obtained by using the equivalence of two types of sets, critical sets for À ½ and zero sets for conformal Riemannian pseudometrics with curvature at most , see Corollary 2.7 below. It turns out that the latter zero sets are simpler to work with. Accordingly, we start in Section 2 by describing the relation between bounded analytic functions and negatively curved conformal pseudometrics. Section 3 contains the proofs of the main results of this paper. It also gives a characterization of maximal Blaschke products in terms of "maximal" conformal pseudometrics. In Section 4, we generalize our results to analytic functions defined on simply connected proper subdomains of the complex plane other than the unit disk by using the Riemann mapping theorem. There, we also indicate a connection between maximal Blaschke products and the well-known Ahlfors' map for domains of finite connectivity Ò ¾. We close the paper with a final Section 5, which presents a number of open problems.
Auxiliary results
The proofs in this paper are based on conformal (Riemannian) pseudometrics and rely in particular on the results of [23] . We first give a quick account of the relevant facts from conformal geometry and refer to [4, 19, 21, 22, 23, 24, 39] [19, §7] , see also Royden [36] and Minda [29] .
The following theorem gives a sharpening of Theorem 2.1 for conformal pseudometrics with prescribed zero set. For completeness, we sketch a proof of Lemma 2.3 here using a standard result from nonlinear elliptic PDEs. Before passing to the proof of Theorem 2.2 (b), we note that the special case of Theorem 2.2 (b) as described in Theorem 2.1 (b) allows for a quick proof using the so-called strong maximum principle of E. Hopf from the theory of elliptic PDEs, see e.g. [15, 29] . In the general case, we have to deal with the problem that the assumption We note that the first and the second step together prove Theorem 2.5 (b) for finite sequences . The general case of Theorem 2.5 (b) is more involved and is proved in [23] . Moreover, the analytic function (the so-called developing map of ´Þµ Þ ) is uniquely determined by the pseudometric ´Þµ Þ up to postcompositon with a unit disk automorphism.
In fact, Liouville [27] stated only the zerofree case ( ) and his proof is not entirely convincing by today's standards. A very elegant geometric proof of the zerofree case was given by D. Minda in his notes [30] . The general case of Liouville's Theorem ( ) can be found e.g. in [6, 7, 8, 24, 33, 41] . Note that in Liouville's theorem, the zeros of the pseudometric ´Þµ Þ are precisely the critical points of its developing map ¾ À ½ . The next result provides a simple criterion for a sequence being an À ½ critical set, which will be useful later on.
Corollary 2.7
Let be a sequence of points in . Then the following conditions are equivalent. 
¤
We note the following immediate consequence of the above proof of Theorem 1.1. Proof. Let AE Ò denote the number of times that ¼ appears in the sequence Ò . From Ò·½ Ò , we get AE Ò·½ AE Ò . Since ½ Ò ½ Ò is an À ½ critical set, we can assume that ¼ occurs finitely often, say AE times in the sequence . This implies that AE Ò AE for all but finitely many Ò, say for all Ò Ã. Since ¾ Ò for every positive integer Ò, we deduce Ê ´AE·½µ´¼ µ Ê ´AE·½µ Ò´¼ µ Ê ´AE·½µ Ò·½´¼ µ for all Ò Ã. If is a subsequential limit function of the sequence´ Ò µ with respect to locally uniform convergence in , then this implies Ê ´AE·½µ´¼ µ Ê ´AE·½µ´¼ µ. On the other hand, ¾ , so Ê ´AE·½µ´¼ µ Ê ´AE·½µ´¼ µ. By the uniqueness statement in Theorem 1.1, we deduce . Since´ Ò µ is a normal family, we conclude that Ò µ has a unique subsequential limit function. This proves the corollary. We now shift attention to the proof of Theorem 1.4.
Proof of Theorem 1.4. Let Ñ denote the number of times that Þ appears in the sequence ´Þ µ. For simplicity we set Þ ½ ¼ and AE Ñ ½ . We may assume that the maximal Blaschke product for is normalized by ´¼µ ¼ and ´AE·½µ´¼ µ ¼, so is the unique extremal function for the extremal problem of Theorem 1.1.
Suppose that Þ ¼ ¾ is not a limit point of . Then there exists an open disk Ã with the following three properties: Þ ¼ ¾ Ã, the boundary Ã intersects the unit circle perpendicularly and Ã contains none of the points of . We set Á Ã .
It suffices to prove that has an analytic continuation to
Ã.
Let Ò denote the extremal function for the extremal problem ( [37] . We claim that´³ Ò µ is a normal family in Ã. Taking this for granted momentarily, we may assume that´³ Ò µ converges locally uniformly in Ã to a holomorphic limit function ³ Ã We now make the obvious, but important observation that and ª´ a smooth multiply connected domain If the domain ª has finite connectivity Ò ¾, none of whose boundary components reduces to a point, then the extremal problem (4.1) has a unique extremal function, namely the Ahlfors map © ª . It is an Ò ½ map from ª onto such that ©´¼µ ¼ © ¼´¼ µ; see [2] , [16] and [5] . We also refer to [3] where the same extremal problem was considered in generality for various classes of analytic functions.
When ª is a simply connected domain that is not equal to the whole complex plane, then Theorem 1.1 combined with the Riemann mapping theorem (Remark 4.1 (a)) leads to the following result about the extremal problem (4.1).
Theorem 4.2
Let ª´ be a simply connected domain containing the origin, let ´Þ µ be an À ½´ª µ critical set and let AE denote the number of times that ¼ appears in the sequence . Then the extremal problem (4.1) has the unique extremal function ©´ µ AE ©. Here, © is the normalized Riemann map for the domain ª and ©´ µ is the extremal function for the extremal problem (1.1) for the critical set ©´ µ according to Theorem 1.1.
It would be interesting to study the extremal problem (4.1) in the presence of critical points when the domain ª has connectivity Ò ½, none of whose boundary components reduces to a point.
The next result is an immediate consequence of Theorem 1.1 and the Schwarz reflection principle.
Theorem 4.3
Let ª´ be a simply connected domain containing the origin and bounded by a real-analytic Jordan arc, and let be an À ½´ª µ critical set. Then the extremal function for the extremal problem (4.1) has an analytic continuation across any point of ªÒ .
Perhaps the same result holds for any extremal function for the extremal problem (4.1) when ª is a multiply connected domain with connectivity Ò ½ and bounded by Ò real-analytic non-intersecting Jordan curves.
Further remarks and open problems
We close this paper with a number of remarks and further open problems.
Let us first return to Theorem 1.1. It says that every maximal Blaschke product is indestructible. This unvoidably suggests the following question. finite Blaschke product, then both and are finite Blaschke products. Hence, if the answer to Problem 5.3 is affirmative, then it would be interesting to explore the possibility of a "prime factorization" of maximal Blaschke products in a way similar to the recent extension of Ritt's celebrated factorization theorem for finite Blaschke products due to Ng and Wang (see [32] ). In this connection, information about the critical values of maximal Blaschke products would be valuable.
Remark 5.5
In view of Problem 5.1 and the discussion above, the following two questions arise. These issues will be discussed in the forth-coming paper [26] .
